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Abstract
In this work two diﬀerent methods for the detection of cracks in plate structures are presented. In fact, the methods exploit strains
measured at diﬀerent locations on the surface of a structure. Solving the inverse problem, this allows both the identication of
crack position parameters, such as length, location and angles with respect to a reference coordinate system and the calculation
of stress intensity factors (SIF). First, the solution of the direct problem is obtained e.g. by using the BFM (body force method),
substituting the crack by distributed point loads leading to strain ﬁelds by superposition of fundamental solutions. On the other
hand, the dislocation technique is applied particularly to bounded structures and inclined crack paths. The inverse problem is
solved applying the particle swarm optimization (PSO) algorithm. Experiments are performed under cyclic loading using pre-
cracked plates made of the aluminum alloy Al-7075.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
Engineering structures are in general exposed to cyclic or stochastic mechanical loading. Exhibiting incipient
cracks, particularly light-weight shell and plate structures suﬀer from fatigue crack growth, limiting the life time of
the structure and supplying the risk of a fatal failure. Due to the uncertainty of loading boundary conditions and
the geometrical complexity of many engineering structures, numerical predictions of fatigue crack growth rates and
residual strength are not reliable. Most experimental monitoring techniques, nowadays, are based on the principle
of wave scattering at the free surfaces of cracks. Many of them are working well, supplying information about the
position of cracks. One disadvantage is, that those methods do not yield any information on the loading of the crack
tip. On the other hand, there are techniques to measure the stress intensity factors e.g. applying a strain gauge in
front of the crack tip. However, this method does not allow for crack growth. Goal of our work is the development
of a monitoring concept supplying both the information on the actual crack position and the stress intensity factors
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(Boukellif and Ricoeur, 2013). This enables a more comprehensive and reliable survey of structures, based on both
the knowledge of the actual crack position and a numerical prediction of further crack development from crack tip
loading parameters. Strain gauges are used to measure the remote strain ﬁeld at diﬀerent positions on the surface of a
plate with center or edge cracks using the BFM (Nisitani and Chen, 1994) and the dislocation technique (Hills et al.,
1996). In this paper ﬁrst numerical and experimental results are presented.
2. Calculation of strain at an arbitrary point (direct problem)
2.1. Fundamentals of the body force method
According to the BFM, the strain ﬁeld due to cracks (Fig. 1 (a)) can be replaced by the strain ﬁeld due to body force
doublets (pairs of point forces) distributed continuously along the prospective boundaries Γ of the cracks in structures
e.g. a homogeneous inﬁnite plate as shown in Fig. 1 (b). Alternatively, the stress and strain ﬁelds in the cracked body
can be approximated replacing the crack by just one source point as depicted in Fig. 1 (c) (Chen and Nisitani, 1993).
Applying the principal of linear superposition, the strain ﬁeld at an arbitrary ﬁeld point P is calculated according to
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Fig. 1. (a) Plate with crack and external loads σ∞yy, σ∞xy and ﬁeld point P; (b) crack is replaced by body force doublets producing identical strain
ﬁeld; (c) approximation of the alignment of force doublets by one concentrated force doublet at the source point Q.
εi j(P) =
∫
Γ
ε∗i j(P,Qη)φη(Q)dΓ +
∫
Γ
ε∗i j(P,Qξ)φξ(Q)dΓ +
∑
kl=yy,xy
ε˜kli j(P)σ
∞
kl . (1)
In Eq. (1), ε˜kli j(P) is the homogeneous strain at a point P caused by uniform stress σ
∞
kl applied at inﬁnity, while
ε∗i j(P,Qη) and ε
∗
i j(P,Qξ) are, respectively, the strains at the same point due to the tensile and shearing sets of point
force doublets acting at the source point Q. Within the framework of linear elasticity the latter are also known as
fundamental solutions. The unknown densities of body forces are denoted by φη(Q) and φξ(Q). These densities can
be obtained in a closed form and are deﬁned by the following equations:
dPηξ(Q) = φη(Q)dΓ , dPξξ(Q) = φξ(Q)dΓ , (2)
where Pηξ and Pξξ are concentrated body force doublets. Based e.g. on the solution for the problem of an inﬁnite
plate with a crack, φx(Q) and φy(Q) are related to the crack length 2a and the loading stresses as follows (Nisitani and
Chen, 1994):
φξ(Q) =
(κ + 1)2σ∞ξξ
2(κ − 1)
√
a2 − η2 , φη(Q) =
(κ + 1)σ∞ηξ
2
√
a2 − η2 , (3)
where σ∞ξξ and σ
∞
ηξ are, respectively, the normal and shear stresses with respect to the local crack coordinate system,
see Fig. 1 (a). κ is a constant related to Poisson’s ratio as κ = (3− ν)/(1+ ν) for plane stress and κ = (3− 4ν) for plane
strain.
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The fundamental solution of the strain is calculated assuming plane stress conditions:
ε∗xx =
1
E
(σ∗xx − νσ∗yy) , ε∗yy =
1
E
(σ∗yy − νσ∗xx) , γ∗xy =
2(1 + ν)
E
σ∗xy , (4)
where E is Young’s modulus. The fundamental solution for the stressesσ∗xx, σ∗yy andσ∗xy is derived applying Kolosov’s
equations.
2.2. Fundamentals of the dislocation technique
The dislocation method was proposed by (Hills et al., 1996). Assume that the crack is ﬁlled with the same material
layer by layer as shown in Fig. 2 (left). Each inserted layer of material will generate a displacement jump which can
be interpreted as an alignment of point dislocations, see Fig. 2 (right). Using Greens functions, the stress ﬁeld due to
the inserted strip is obtained. In this manner, each strip is regarded as a dislocation-loop. In 2D crack applications, the
crack is assumed to be inﬁnitely long in perpendicular direction. Thus, the material strip must also be inﬁnite in one
direction, and the corresponding dislocation loop can be assumed to be a dislocation dipole with two inﬁnitely long
and straight dislocations of opposite line directions.
dby
y
xξ
Fig. 2. Eshelbys interpretation of crack dislocations by material insertion.
An inﬁnite plate containing a crack with a length 2a under remote stresses σ∞yy is considered as an example. Applying
the superposition principle, the total stress ﬁeld σ∗i j(x, y) is as follows:
σ∗i j(x, y) = σ
A
i j(x, y) + σ
D
i j(x, y) , (5)
where σAi j(x, y)(i j = xx, yy, xy) is the stress ﬁeld induced in the plate without a crack. The stresses induced at a
point (x, y) due to a single dislocation located at the origin of the coordinate system with Burgers vector b and its
components bx and by may be found from the corresponding Airy stress functions (Hills et al., 1996).
Assuming pure mode-I loading, the normal stresses arising along the crack faces due to a single dislocation are given
by setting bx = 0 and y = 0 in the Airy stress functions so that
σDyy(x, y = 0) =
2μ
π(κ + 1)
dby(ξ)
x − ξ =
2μ
π(κ + 1)
By(ξ)
x − ξ dξ , (6)
where By(ξ) is the density of the dislocation at point ξ.
In fact that the boundary conditions along the crack are traction free, the stresses due to a continuous distribution of
dislocations along the crack line are then given by:
−σ∞yy(x) =
2μ
π(κ + 1)
∫ a
−a
By(ξ)
x − ξ dξ . (7)
First, the singular integral equation (7) has to be normalised within the interval [−1,+1] by substituting s = ξ/a and
t = x/a. Then, the dislocation density is rewritten as B(s) = w(s)φ(s), where φ(s) is a bounded unknown function and
w(s) characterizes the fundamental solution.
Using the Gauss-Chebyshev numerical quadrature, Eq. (7) can be written as follows:
− (κ + 1)
2μ
σ∞yy(tk) =
1
N
N∑
i=1
φy(si)
tk − si k = 1, ...,N − 1 , (8)
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where si and tk are respectively discrete integration and collocation points and N is typically chosen between 50 and
80. The side-condition is:
π
N
N∑
i=1
φy(si) = 0 . (9)
Using the Eqs. (8) and (9) and introducing matrix notation, the unknown matrixΦ can be solved as Φ = k−1σ,
where k is a non-singular N × N-matrix:
k =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
t1 − s1 . . .
1
t1 − sN
...
...
1
tk − s1 . . .
1
tk − sN
1 . . . 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, σ = − (κ + 1)
2μ
σ∞yy
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
...
1
0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (10)
The fundamental solution for the stresses σ∗xx, σ∗yy and σ∗xy is derived as follows:
σ∗xx(x, y) =
2μ
(κ + 1)
kxx k−1σ , σ∗yy(x, y) =
2μ
(κ + 1)
kyy k−1σ + σ∞yy , σ
∗
xy(x, y) =
2μ
(κ + 1)
kxy k−1σ , (11)
where
kxx =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
(x/a − s1)
[
(x/a − s1)2 − (y/a)2
]
[
(x/a − s1)2 + (y/a)2
]2 , . . . ,
(x/a − sN)
[
(x/a − sN)2 − (y/a)2
]
[
(x/a − sN)2 + (y/a)2
]2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (12)
kyy =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
(x/a − s1)
[
(x/a − s1)2 + 3(y/a)2
]
[
(x/a − s1)2 + (y/a)2
]2 , . . . ,
(x/a − sN)
[
(x/a − sN)2 + 3(y/a)2
]
[
(x/a − sN)2 + (y/a)2
]2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (13)
kxy =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
y/a
[
(x/a − s1)2 − (y/a)2
]
[
(x/a − s1)2 + (y/a)2
]2 , . . . ,
y/a
[
(x/a − sN)2 − (y/a)2
]
[
(x/a − sN)2 + (y/a)2
]2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ . (14)
The fundamental solution of the strain is calculated from Eqs. (4).
3. Solving the inverse problem using the PSO
The particle swarm optimization (PSO) was originally developed by Kennedy and Eberhart (Eberhart and Kennedy,
1995) for eﬀectively ﬁnding optimal solutions in large search spaces. Later, they compared the PSO to genetic algo-
rithms. The approach simulates the social behavior among individuals particles, moving through a multidimensional
search space. At each iteration, the particles evaluate their positions relative to a goal ( f itness) accounting for memo-
ries of their best positions and for those of the particles in a local neighborhood. These informations are used to adjust
their own velocities, and thus control subsequent positions.
The solution of the inverse problem outlined in the previous section is carried out by minimizing a f itness function,
deﬁned as (Chen and Nisitani, 1993)
f itness =
M∑
m=1
∑
i j=xx,yy,xy
{εi j(Pm) − εi j(Pm)}2 . (15)
The ﬁtness function is deﬁned by a square sum of residuals between measured and computed strains εi j and εi j at
positions Pm for an assumed cracked structure.
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4. Veriﬁcation of the concept
First veriﬁcations of the monitoring concept have been carried out numerically with internal and edge cracks and
up to 5 unknowns (Boukellif and Ricoeur, 2013). Here, the body force method has been used for the direct problem.
A ﬁrst experimental veriﬁcation is shown in Fig. 3 (left) where an edge crack is located in the middle of a plate made
of Al-7075. Loading σxx and crack length a have been used as sole parameters. The strain εi j(Pm) was measured using
strain gauges at points P1(34, 35), P2(24, 10), P3(20, 35), P4(15, 60), P5(−17, 10), P6(−17, 50), P7(−35, 40), where the
numbers in brackets denote positions in mm starting from the crack edge. A subcritical fatigue crack growth was
operated with a frequency of 3 Hz. The forces were continuously measured by a load cell (error of ±0.30 MPa). The
crack length was observed in-situ with a microscope connected to a camera (error of ±0.25 mm), see Fig. 3 (left).
The crack opening displacement was controlled electronically. The plots in Fig. 4 show the comparison between the
observed and the identiﬁed crack parameters and SIFs. The identiﬁed parameters emanate from the solution of the
inverse problem and are represented by two plots. The one (dashed line) shows results from measured strains. The
other (dotted line) is based on presumed measurement errors and demonstrates the sensitivity towards inaccurate strain
determination. Fig. 4 (a) shows the crack length as a function of time. The plot in Fig. 4 (b) shows the loading stress
as a function of the observed crack length. The plot in Fig. 4 (c) shows the stress intensity factor as a function of the
observed crack length. In the latter graph, error bars have been included for the observed values based on maximum
errors going along with measurements of crack length and load. In Figs. 4 (a) and (b), deviations are too small to
indicate error bars.
Observed and identiﬁed results deviate considerably for large crack lengths. In particular, the identiﬁed crack length
in Fig. 4 (a) decreases with time. This behavior can, possibly among other reasons, be attributed to the fact that the
complex potentials are those for a semi-inﬁnite plate, whereas in the experiment the crack approaches the edge of the
specimen. Besides these expected methodical deviations, obviously leading to an underestimation of crack length and
overestimation of loading stress, results are temporarily oscillating exhibiting counteracting peaks at approximately
a = 38 mm and a = 21 mm. Closer investigations of this observation require more experiments, which are about to
be done.
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Fig. 3. Left: plate (Al-7075) with incipient edge crack and strain gauges (B= 70 mm, L= 150 mm, thickness: 10 mm) and in-situ observation of
crack growth, a = 16mm, Δa ≈ 2mm; right: inﬁnite plate with center crack.
First numerical simulations have been carried out based on the dislocation technique. A center crack located at (x0, y0)
is considered. The strain εi j(Pm) was ”measured” at points P1(4, 4), P2(−4, 4), P3(−4,−4), P4(4,−4) as shown in Fig.
3 (right). Table 1 shows the given problem and the obtained numerical results.
5. Conclusions
The concepts of body forces and the dislocation technique are used in connection with the PSO for the detection
of cracks and the calculation of SIFs by monitoring fatigue crack growth in plates. The dislocation technique was
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Fig. 4. Identiﬁed (inverse problem, PSO) and observed results of: (a) crack length a, (b) external load σxx, (c) stress intensity factor KI. The dotted
plots are based on presumed measurement errors, the solid line in (c) contains error bars (Boukellif and Ricoeur, 2013).
Table 1. The results of the inverse problem solution based on the dislocation technique.
given problem inverse calculation
σ¯yy = 30MPa σ¯yy = 30.0001MPa
a = 2mm a = 2.0mm
KI = 75.1988MPa
√
mm KI = 75.1991MPa
√
mm
σ¯yy = 15MPa σ¯yy = 14.999MPa
a = 1mm a = 1.0mm
KI = 26.5868MPa
√
mm KI = 26.585MPa
√
mm
veriﬁed numerically assuming an internal crack and homogeneous external loads. Also, an edge crack exposed to
external cyclic loads was investigated experimentally. The solution of the inverse problem is in a good agreement
with the model parameters. Current work aims towards exploiting the promising method with respect to bounded
structures and curved crack paths.
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